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Controllability describes the best achievable control quality
independent of the controller design. If the achievable dy-
namic performance of a design is not good enough, then
modifications to the plant design must be considered, such as
changing inputs or outputs, adding or moving measurements,
changing operating points, or even structural changes such as
adding buffer tanks. This problem is addressed here by look-
ing at the ability of a proposed design to move between oper-

Ž .ating points, that is, its switchability White et al., 1996 , which
is an important aspect of the controllability. It is important
when steps are intended regularly, for example, switches from
day-time to night-time levels of operation, or varying cus-
tomer demands, or if the process is to be run with an online
optimizer that frequently provides new set points.

A way of obtaining insight into performance limitations is
to consider an ideal controller, which is integral square error
Ž .ISE optimal. This combines the various objectives on the
quality and the speed of the response to a step input into a
single measure. This has been considered for linear systems

Ž . Ž .by Frank 1974 , Holt and Morari 1985 , and Morari and
Ž . Ž .Zafiriou 1989 . Also, Qiu & Davidson 1993 studied the

‘‘cheap regulator’’ problem and arrived at a result equivalent
to the one by Holt and Morari, but derived in the time do-
main rather than in the frequency domain. It was shown that
the ISE optimal closed-loop response can be determined via

Ž . Ža factorization of the system ysG s u in the frequency do-
.main into a minimum and a nonminimum phase-part, such
Ž . Ž . Ž .that G s sG s G s . The ISE optimal factorization isq y

Ž .such that the nonminimum phase-factor G s is an all-passq
Ž .containing the system’s right half plane RHP zeros. Frank

describes this result as the unavoidable control error of non-
Ž .minimum phase NMP systems. For systems with NMP be-

havior due to time delays, similar results are available in
Ž . Ž .Frank 1974 and Morari and Zafiriou 1989 .

General analysis is available for nonlinear systems from
Ž .Van der Schaft 1996 who has shown that in general the

solution to the ISE optimal factorization is analogous to the
linear case, that is, an all-pass system and a minimum phase-
system. Explicit solutions for control affine systems involves
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solving a Hamilton-Jacobi-Bellman equation. Relevant re-
sults on system inherent feedback limitations in nonlinear

Ž .NMP systems have been presented by Seron et al. 1997 .
They study the cheap regulator problem and show that the
output of an NMP system cannot be steered rapidly to zero,
because it must first attend to the task of stabilizing the zero
dynamics. It is shown that the limitations imposed by NMP
behavior in nonlinear systems are analogous to the linear case,
and cannot be overcome by a feedback controller.

An evaluation approach is required that identifies the pro-
cess inherent limitation imposed by NMP behavior alone for
nonlinear systems. The approach should be applicable to pro-
cesses with input multiplicities, since nonlinear phenomena
has been shown to be connected to NMP behavior under cer-

Ž .tain conditions Sistu and Bequette, 1993; Jacobsen, 1994 .
An analytical approach is shown for the evaluation of the

NMP behavior of a nonlinear process. The applicability of
the method is illustrated with a fermentation case study and
then an approximate and more generally applicable approach
to solve the problem is presented.

Controllability Evaluation for NMP Processes:
Analytical Approach

In order to evaluate the controllability of nonlinear NMP
processes the objective is to determine the best possible
closed-loop response with respect to the ISE. This requires
factorizing the system into minimum and NMP factors. Solu-
tions are available for second-order nonlinear systems
Ž .Kravaris and Daoutidis, 1990 and for systems that can be

Žtransformed into natural coordinates Wright and Kravaris,
.1992 . An NMP system implementing ‘‘perfect control’’ re-

sults in an unstable solution for the input u that produces the
perfect control output. In the NMP case a stable solution to
the problem is sought which gives the ISE optimal response.

The ISE optimization problem for a second-order
process-model in normal form is a singular optimal control
problem for which the solution can be obtained by following

Ž .the procedure described in Bryson and Ho 1975 . The singu-
Žlar control surface for this problem has two branches singu-

.lar arcs , which are the solution of the ISE optimization
problem for the following two cases:
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Ž .1 When the system follows the singular Arc 1, it is per-
fectly controlled since the output is equal to the set point.
The zero dynamics are stable only for minimum phase sys-
tems.
Ž .2 When the system follows the singular Arc 2, it is not

perfectly controlled and the closed-loop response can be de-
termined. Following the singular Arc 2 will result in an inter-

Žnally stable closed-loop system if the system is NMP Kravaris
.and Daoutidis, 1990 . In terms of controllability this de-

scribes the best possible closed-loop performance of the pro-
cess under idealized conditions, that is, the system inherent
limitation to switchability.

The singular optimal control problem can be transformed
into a nonsingular problem following the methods of Kelley
Ž .1965 . Solving the ISE problem with this method leads to an
expression for the minimum phase factor. For general NMP
systems in natural coordinates, the calculation of the ISE op-

Žtimal minimum phase factor requires the solution of an ny
.r th order integral of the Euler-Lagrange-Equation given in

Ž .Wright and Kravaris 1992 .
The construction of the nonminimum phase factor can be

achieved by designing a perfect controller for y� and deter-
mining the closed-loop response with the controller. Kravaris

Ž .and Chung 1987 present a method for designing a globally
Ž . �linearizing controller GLC for y and the system in natural

co-ordinates. Inserting this control law into the system in nat-
Ž .ural co-ordinates and for ns2 yields the closed-loop sys-

tem. This system represents the nonminimum phase-factor of
the original process model in natural coordinates.

Case Study: Fermentation Process
The previously outlined method has been applied to the

following model of a continuous fermenter

Ẋs� Xy Xu

�
Ṡs y ym Xy SyS uŽ .fž /Y

ys X 1Ž .

The microbial growth is assumed to follow the Monod ki-
Ž .netics given by �s� Sr K qS , u is the manipulated in-max m

put; in this case, the dilution rate and X and S are the con-
centrations of bacteria and substrate in the fermenter, re-
spectively. The fermenter has input multiplicities. Table 1
shows the parameter values for the fermenter model.

The zero dynamics of the process are calculated to be

S � Smax
Ṡs� S yS q y ymy 2Ž .Ž .max f ž /K qS Y K qSm m

Table 1. Parameter Values for Fermenter Model
y1Y Yield Coefficient 0.4 grg m Maintenance 0.01 h

y1� Max. Specific 0.4 h K Monod Const 0.05 grLmax m
Growth Rate

Figure 1. ISE optimal step response for an input step in
D from 0.11 to 0.12 Lrrrrrh.
Dash dotted line indicates the original steady-state.

The dilution rate at which the zero of the linearized transfer
function crosses the imaginary axis is us0.1213 hy1, which
is also the input at which the gain is zero. The steady state
Ž y1.Xs0.379 grL, Ss0.019 grL, Ds0.11 h is in the NMP
region.

Ž .Applying the transformation � sS Xr S yS and � s X1 f f 2
on the model leads to the normal form with

� � 2
1

F s�� q y ym1 1 ž /Y Sf

F s��2 2

G sy� 3Ž .2 2

Since F is independent of � , the model needs to be trans-1 2
formed into natural coordinates. The minimum phase factor
has, as expected, no inverse response and yields the same
steady-state value as the original system. To demonstrate the
effect of the nonminimum phase factor, the ISE optimal
closed-loop response of the system to an input step Ds0.11
hy1 to Ds0.12 hy1 is shown in Figure 1. It was determined
via simulation of the closed-loop system and appending to
this system the ISE equation. The original steady state in this
plot is indicated by the dash-dotted line. The figure shows
that the optimal closed-loop response displays all-pass type
behavior as in the linear case, that is, a sharp inverse re-
sponse.

This response is the best that can be achieved for this set-
point step change employing a causal controller in an ideal-
ized case. No input constraints, disturbances, or modeling er-
rors have been considered. It is the limitation imposed by the
presence of the unstable zero dynamics only.

The output step corresponding to the input step from 0.11
hy1 to 0.12 hy1 is � y s2.0�10y4 grL. This indicates aref
best possible ISE in the linearized case of 1.41�10y6 atlin
the steady state considered. The nonlinear analysis shows that
this step can be achieved with an ISE of 1.89�10y6 in the
best case. This is 134% of the value predicted with the linear
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analysis. A symmetric negative step yields a best possible ISE
of 1.23�10y6, which corresponds to only 87% of the lin-
earized value.

This result can be explained by considering the RHP zero
position of the process corresponding to the steady states.

Ž y1.From the steady state considered Ds0.11 h , the process
zero moves towards the imaginary axis for the positive step
Ž y1.to Ds1.2 h . For the linear analysis, this corresponds to
stronger limitations on controllability at the new steady state.
This is reflected in the nonlinear result.

Conclusions from the Analytical Method
If the process is moved towards a stronger NMP steady-

state, the linear analysis underestimates the controllability
limitation imposed by NMP behavior. In this way the nonlin-
earity of the zero dynamics of the NMP process is reflected
in the limitation these zero dynamics impose on the control-
lability.

The analysis answers the question whether or not the
achievable performance is sufficient for the demands im-
posed on the process. If the answer is negative, no causal
controller exists that will be able to improve performance any
further, that is, the limitations are system inherent. Such a
design should be discarded or changed, in order to improve
the controllability. If the answer to the question is positive, it
is, of course, still not certain that a controller actually exists
that can provide the required performance.

There are some restrictions to the method. The approach
can only be applied to second-order systems in normal form
and to systems of relative order order rsny1 that can be
transformed into natural co-ordinates. The analysis still has
to be done for a range of set point changes, and no direct
conclusion can be drawn as to which design parameter should
be changed in order to improve the situation.

One of the limitations of the analytical evaluation method
concerns the input multiplicity phenomenon. Processes with
input multiplicities have, under some assumptions, operating

Žregions with NMP behavior Sistu and Bequette, 1993; Jacob-
.sen, 1994 . Hence, an evaluation method cannot be applied

in both regions because the two regions have different solu-
tions to the ISE problem. This means that steps that cross
from one region to another, or, in other words, cross the
maximum in the steady-state curve, cannot be evaluated with
this method.

A different method using optimization to evaluate the con-
trollability of NMP nonlinear systems that overcomes most of
these problems is discussed next.

Controllability Evaluation for NMP System:
An Approximation Approach

The optimization problem for NMP systems that deter-
mines the ISE of a step from one steady state to another in
order to evaluate controllability of a given design cannot be
solved numerically due to two major problems: an infinite
time horizon is not implementable and the solution ISEs0,
that is, the ‘‘true’’ minimum of the problem is unstable for
NMP systems.

To overcome this problem, an endpoint constraint that en-
sures that the process is at the new steady state and, there-

fore, that a stable solution has been found has to be included
in the formulation. An endpoint constraint on the output is
not sufficient due to the existence of an unstable solution
with constant output in an NMP system. Also, the frequent
occurrence of input multiplicity in NMP processes makes it
necessary to ensure that the desired input-value is reached at
the new steady state.

The idea used here comes from the quasi-infinite horizon
Ž .approach Chen and Allgower, 1998 for nonlinear MPC. The¨

time horizon T is split into two parts

1 1 �T 2 21min ISEs y y y t dtq y y y t dtw x w xŽ . Ž .H Href ref2 2u 0 T1

4Ž .

subject to the model and given initial conditions.
The second-part of the integral still cannot be solved.

However, the problem can be formulated differently using a
finite-time horizon. A time horizon T of sufficient length to2
ensure the system reaches steady state is necessary. T has to2
be chosen long enough to ensure feasibility, while being short
enough for the problem to be solved in reasonable time. The
numerical necessity to discretize the time horizon implies that
the solution becomes inaccurate if the horizon is chosen to
be too long.

The second integral is implemented with only one step of
undefined length, determined by the endpoint constraint in
the state derivatives. The problem can be solved without
knowing the necessary horizon time in advance. The first in-
tegral of the objective function serves to find the minimum
ISE solution. This means that T should be as long as is prac-1
tical for implementation and with as many time steps as pos-
sible, such that the solution is close to the continuous solu-
tion.

If the process has input multiplicities an end-point con-
straint on the input has to be included. A straightforward
way is to analyze the steady-state relation and find the maxi-
mum in the steady-state curve. Then, if a step inside the NMP
region is to be investigated, the final input-value has to be
constrained to be inside this region after the step.

The second integral of Eq. 4, if implemented with a one-
time-step only, equals the open-loop response of the system
from the state the system reached during the time T ; the1
ISE of this open-loop response can in the best case be equal
to the ISE optimal solution, but is likely to be nonoptimal. In
that sense the solution yields an upperbound on the best
achievable ISE. Having found an upperbound is a little un-
fortunate, since what is sought is the best achievable ISE.
However, if the objective is applied as a nonlinear MPC to
the process, this upperbound turns into the best achievable
performance with this controller. If, however, the determined
achievable control performance is not sufficient for the de-
mands imposed on the process operation, this could be due
to the approximation used in the method. In this case further
studies are necessary.

Comparison Between Analytical and Approximate
Solutions

Where it can be shown analytically that two solutions exist
to the problem, one stable and one unstable, the globally op-
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Figure 2. Optimal closed-loop responses for Van de
Vusse reactor: in two time scales.

Ž . Ž .Analytical solution dotted , approximate solution solid ,
Ž .open-loop response dashed .

timal solution of the ISE optimal factorization problem is
Žfound. For the Van de Vusse example Kuhlmann and Bogle,

.1997 , the approximate formulation gives the globally optimal
Ž .solution. The final control interval from T to T has a long1 2

minimum length, which is necessary in order to avoid the un-
stable solution.

The stable solution with optimal ISE for a step in the pro-
cess input is shown in Figure 2, where the upper plot shows
the entire time interval necessary to reach the new steady
state and the lower plot shows a detail at the beginning of
the step. The solid line is the solution determined numeri-
cally, while the dotted line is the analytical solution. The
dashed line shows the corresponding open-loop response of
the process output. For the nonlinear analytical method, in-
put constraints do not present a problem as the solution is

Žstill optimal when input constraints are imposed Bryson and
.Ho, 1975 . The solution is at the bounds as long as necessary

and then travels along the singular arcs.
The optimal closed-loop responses with the input re-

stricted to positive values determined both analytically and
numerically for the previous case study are shown in Figure
3. The values of the ISE found with the two different meth-
ods are given in Table 2. For this case, it is known that the
analytical solution is globally optimal. The values of the ISE
found with the two methods match very closely in both the
constrained and the unconstrained cases. Although this is not
necessarily true, in general, the method yields a valid approx-
imation for the process shown and is thus believed to be ap-
plicable for other processes too.

Fermentation Case Study: Crossing the Maximum
in the Steady-State Curve

Particular problems arise when operating a process across
the region where both minimum phase and NMP behavior
occur. For the fermentation process, if the bacteria are now
assumed to need no substrate for their maintenance, but will
die at a certain rate, the model is subject to input-multiplici-

Figure 3. Optimal closed-loop responses for ISE opti-
mized solution for Van de Vusse reactor with
input constraints: in two time scales.

Ž . Ž .Analytical solution dotted , approximate solution solid ,
Ž .open-loop response dashed .

ties and has NMP behavior in part of the operating range.
Competing physical effects on the bacteria concentration, the
output of the process, cause the multiplicity.

The model equations are as follows

Ẋs �yK Xy XuŽ .d

�
Ṡsy Xq S yS uŽ .fY

ys X 5Ž .

The growth-rate is assumed to follow the Monod kinetics
as before. The model parameters are the same as previously
described and the decay rate is K s0.04 hy1.d

The fermenter is assumed to operate at a steady rate with
a dilution rate of 0.15 hy1, where the fermenter is NMP. At
certain regular periods in the production cycle, the fermenter
is operated at higher dilution rates due to an increased prod-
uct demand even though the risk of washout is greatly in-
creased on the minimum phase-side of the steady-state curve.

The result of the analysis is shown in Figure 4. Each circle
corresponds to the solution of one dynamic optimization
problem. It shows the smallest achievable ISE for a step from
the steady state at 0.15 hy1. The best possible ISE increases
for steps towards the maximum in the steady-state curve, and
decreases for further increasing steps across the maximum.
The ISE reaches zero for a step to the input multiplicity
steady state with exactly the same output value. This is as
expected, since switching between the two inputs cannot be

Table 2. ISE of Closed-Loop Responses

Analytical Solution Approximate Solution
y6 y6Unconstrained problem 2.2640�10 2.3280�10
y6 y6Constrained problem 2.3392�10 2.3616�10
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( ) (Figure 4. Linear crosses and nonlinear circles for
steps toward and stars for steps away from

)the maximum in the steady-state curve ISE
optimal solutions for steps from steady state
at 0.15 LrrrrrL.

seen at the output of such a process, that is, it is realizable
Ž .with zero ISE Abu el Ata-Doss et al., 1992 . The stars indi-

cate the ISE obtained for negative steps away from the maxi-
mum in the steady-state curve. The achievable ISE for de-
creasing inputs has less effect on the controllability of the
process. The crosses in the plot show the values obtained with
a linear analysis giving an indication of the degree of nonlin-
earity in the region.

A different method of presenting the result is employed in
ŽFigure 5. The achievable ISE again each circle or star for

.one dynamic optimization problem solved is plotted against
the squared output step-size. This is done because in this for-
mat the linear measure is a straight line shown by the crosses.

Figure 5 again shows that the best achievable ISE for the
nonlinear process for steps towards the maximum is bigger
than the value expected from a linear analysis. If the switch
requires the process to move across the maximum, the ISE
increases along the same line as before. This is due to the
fact that steps between two steady states with the same out-
put value can be achieved with zero ISE.

Conclusions
Two approaches to determine the process inherent limita-

tion on switchability imposed by unstable zero dynamics have
been shown. The first solves the problem analytically and re-
sults in an expression for the NMP factor, which dictates the
system inherent limitation. The method is restricted to two
classes of rather small systems and also cannot be applied to
models that have both NMP and MP regions. The second
which overcomes this restriction uses a method numerically
optimizing the dynamic model in order to find the ISE opti-
mal closed-loop response. Due to the fact that the process is
NMP, some precautions were taken when the problem was
formulated in order to avoid finding the unstable inverse. The

( ) (Figure 5. Linear crosses and nonlinear circles for
steps toward and stars for steps away from

)the maximum in the steady state curve ISE
optimal solutions for steps from steady state
at 0.15 LrrrrrL.

method was also used to study the system’s inherent limita-
tions for steps over the maximum in a process with input
multiplicities. The nonlinearities do have an effect, but the
extent will, of course, vary from problem to problem. The
problems are still small, and there is some way to go before
we have a method for problems of realistic size.
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